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In brief

Introducing the mathematical concept of
topology to the field of condensed matter
has enabled the classification of materials
based on their symmetry-protected
topological properties. This study
presents the topological charge
quadrupole found in the half-Heusler
antiferromagnet NdBiPt. This
unconventional elementary excitation
comprises closely packed Weyl points
and is protected by a new type of
approximate symmetry called quasi-
symmetry. The topological charge
quadrupole generates a significant
nonlinear Hall effect, highlighting
pathways for materials with enhanced
properties for applications in
antiferromagnetic spintronics.
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ACCESSIBLE OVERVIEW Topology, a purely mathematical concept, is playing an increasingly important role
in condensed matter physics. Materials can now be classified by their topological properties in a manner
similar to the classification of geometric shapes, with crystalline symmetry and band topology often being
inseparably intertwined. These concepts serve as natural guidelines for searching topological materials. A
more recent concept known as quasi-symmetry establishes robust and unconventional topology that ex-
tends beyond the above-mentioned symmetry-based classifications, enabling significant topological re-
sponses to emerge in magnetic systems. For example, in this paper, the quasi-symmetry concept is applied
to the half-Heusler antiferromagnet NdBiPt, unveiling a previously unreported quasiparticle referred to as a
topological charge quadrupole. This quasiparticle consists of closely packed 2-fold degenerate Weyl fer-
mions with various topological charges. In electronic transport, a significant nonlinear Hall effect can arise,
which can be utilized for detecting magnetic order, thereby providing new possibilities for antiferromagnetic
spintronics.

SUMMARY

The interplay of symmetry and topology in crystal solids has given rise to various elementary excitations as
quasiparticles. Among these, those with significant Berry-phase-related transport responses are of particular
interest. In this study, we predict a type of quasiparticle called a topological charge quadrupole (TCQ), which
is analogous to a charge quadrupole but consists of two closely packed pairs of Weyl points in momentum
space, specifically in the half-Heusler antiferromagnet NdBiPt. Interestingly, the TCQ is protected by the
spin-orbit U(1) quasi-symmetry rather than any exact crystallographic symmetries. This quasi-symmetry re-
stricts the energy splitting induced by symmetry-lowering perturbations to a second-order effect. Further-
more, the closely located Berry curvature sources and sinks in the TCQ lead to alarge Berry curvature dipole,
resulting in a significant nonlinear Hall effect. Our work opens an avenue for designing unconventional qua-
siparticles utilizing quasi-symmetries and developing materials with enhanced nonlinear responses.

INTRODUCTION

The investigation of topological semimetals and the discovery of
gapless elementary excitations in these materials have been a
prosperous area of research in condensed matter physics.'™
Various types of emergent quasiparticles, exemplified by
Dirac,” ' Weyl,"""° and other fermions beyond them,?°2%
have been predicted and observed in solids as low-energy fer-

Gheck for
‘updates’

mionic excitations near the band crossings protected by sym-
metry and topology. The discovery of these quasiparticles has
also led to the use of crystallographic-symmetry-based sce-
narios, i.e., space groups and magnetic space groups, to classify
topological materials.?*>* Recently, the classification of quasi-
particles has been extended to include spin space groups, al-
lowing for the treatment of magnetic materials with negligible
spin-orbit coupling (SOC). This extension predicts various types
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Figure 1. Schematics of the Dirac fermion and the TCQ

(A) A Dirac semimetal protected by PT symmetry exhibits zero Berry curvature
(Qp) and zero Berry curvature dipole (Dgp).

(B) A topological charge quadrupole is protected by the quasi-symmetry, re-
sulting in a significant Berry curvature and Berry curvature dipole.

The orange and blue spheres represent Weyl points with the monopole
charges +1 and —1, respectively. The middle images in (A) and (B) represent
Fermi surfaces and Berry curvatures of the Dirac cone and topological charge
quadrupole (TCQ), respectively.

of multifold band degeneracies and unconventional quasiparti-
cles in both electronic and magnonic spectra.>**° Notably, the
topological semimetals of particular interest are those hosting
quasiparticles with observable transport responses. One such
example is that magnetic Weyl semimetals exhibit the linear
and nonlinear anomalous Hall effect***? induced by Berry cur-
vature. In contrast, Dirac semimetals, protected by PT symmetry
(where P and T denote space inversion and time reversal,
respectively), exhibit a vanishing Berry curvature throughout mo-
mentum space, resulting in no related transport effects (Fig-
ure 1A). Therefore, a long-sought goal is to identify ideal mate-
rials with topological quasiparticles close to the Fermi level
that also exhibit significant transport properties.

In this work, we propose a type of quasiparticle, dubbed the
topological charge quadrupole (TCQ), in the noncentrosymmet-
ric half-Heusler compound NdBiPt with a collinear antiferromag-
netic (AFM) order. Analogous to the charge quadrupole, the TCQ
consists of four closely located Weyl points in momentum space,
with two possessing a topological charge of +1 and the other two
having a topological charge of —1, as shown in Figure 1B. Inter-
estingly, such a quasiparticle complex is not protected by exact
symmetry but rather by a novel spin-orbit U(1) quasi-symme-
try.*>** While the electronic structure of NdBiPt closely resem-
bles a Dirac semimetal, the four nearly degenerate Weyl! points
manifest Berry curvature sources and sinks within a small region
of momentum space, leading to a strong Berry curvature dipole
(BCD) and nonlinear Hall effects (Figure 1B). The TCQ of NdBiPt
results in a significant BCD peak located only 5.8 meV below the
Fermi level, with a peak value comparable to those of the T4
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phase of WTe,"® and collinear AFM CuMnSb.** Furthermore,
the strong dependence of the BCD on the Néel vector can be
used for detecting the Néel vector itself. Our work not only re-
veals the important role of hidden symmetry in predicting new
quasiparticles but also provides an approach for designing sig-
nificant quantum geometric effects in unconventional AFM
materials.

RESULTS

TCQ in NdBiPt

Recent neutron diffraction measurements show that NdBiPt ac-
commodates an A-type collinear AFM configuration® along the
[001] direction of the nonmagnetic cubic conventional cell below
the Néel temperature Ty = 2.18 K, resulting in the tetragonal
magnetic unit cell with lattice constants a = b = 4.78 A and
c=6.76A (Figure 2A). The magnetic geometry and the spin-orbit
coupling (SOC)-free electronic structure are fully described by its
spin space group Ggs = P1Z1m12“(1 /21/21/2)*™1 (no.
115.119.2.1), which is identified by the online program FIND-
SPINGROUP.*"*8 In particular, the collinear magnetic order is
described by the spin-only group Gso = “™1 = SO(2) XZK
(only contains pure spin operations), where SO(2) and z’g repre-
sent the continuous spin rotations along the collinear spin axis
and the mirror symmetry TU in spin space (U is the 2-fold rotation
along any axis perpendicular to the collinear spin axis), respec-
tively (see supplemental methods A for detailed symmetry anal-
ysis). The density functional theory (DFT)-calculated band struc-
ture without SOC is shown in Figure 2C (see methods). Two
prominent features are observed. The first one is the double de-
generacy throughout the whole Brillouin zone protected by the
Ur and SO(2) symmetries,*®*” where = (1/2,1/2,1/2) is
the fractional translation symmetry that connects the two oppo-
site-spin sublattices. Notably, Ur-enforced double degeneracy
provides emergent quasiparticles with doubled topological
charges from two P-broken spin channels,®”*® which differs
from the compensated ones enforced by PT symmetry.* Sec-
ondly, a 4-fold degenerate 3 band (orange line) intersects with
a 2-fold degenerate « band (green line), forming a 6-fold degen-
erate quasiparticle at the Q(0, 0,0.0062%) point. Such a 8 band
comprises a Dirac nodal linealong-Q — I — Q, as shown in Fig-
ure 2D, while the nodal line splits off this high-symmetry line
(Figure S1).

Since NdBiPt is composed of heavy elements, the corre-
sponding electronic structure with SOC is expected to exhibit
significant SOC-induced band splitting as shown in Figure 2E.
The electronic structure with SOC is dictated by its magnetic
space group Gy = Pj4n2 (no. 118.314). In the presence of
SOC, both Ur and SO(2) symmetries are broken, leading to
the spin-polarized non-degenerate bands. However, the bands
along the I" — Z direction maintain 2-fold degeneracy, which is
protected by 2-fold rotation {2401|0} and glide mirror {mo1o|7}
(see supplemental methods A). Additionally, the 4-fold degen-
erate B band splits into 8y and B,. Surprisingly, while the SOC
gap between « and g8, (AE,,) at the Q point remarkably reaches
672.4 meV (indicated by the black arrow), an unexpectedly small
SOC gap AE,s, = 9.2 meV emerges between « and 4. To illus-
trate the evolution of the SOC effect, we present the electronic
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Figure 2. Magnetic structure, BZs, and electronic structures of NdBiPt

) The magnetic structure of collinear AFM NdBiPt.
) Bulk and surface Brillouin zones (BZs) of NdBiPt.

D) Three-dimensional electronic structure of NdBiPt. The red line denotes the Dirac nodal line within the k, — ky plane without SOC.

A
B
(C) The electronic structure of NdBiPt without spin-orbit coupling (SOC). The inset shows the degeneracy between « and g bands.
(
(E

) The electronic structure of NdBiPt with SOC. The inset shows the tiny gap between « and 8, bands. The green and orange bands denote the « and g4 /82
bands, respectively. The black arrow indicates the gap AE.s, between « and g, at the Q (0,0, 0.006) point (fractional coordinates). The Fermi level is set to zero.

(F) The band gaps AE,s, and AE,s, as a function of the SOC strength A.

structures with varying SOC strengths A in Figure S2. Specif-
ically, as A increases, AE,4, exhibits a significant linear increase
from 0 to 672.4 meV, while AE 4, increases gradually and even-
tually reaches 9.2 meV (Figure 2F). The substantial difference be-
tween AE,s, and AE,g, cannot be explained by traditional group
representation theory because «, 84, and (8, bands share the
same two-dimensional irreducible representation Qs of the little
group G$ = 4m2’ at the Q point.

We next look into the fine electronic structure within the tiny
gap of AE,s,, where multiple Weyl points reside. In the noncen-
trosymmetric T7-AFM NdBIiPt, each Weyl point has a T+ partner
of the same chirality. Meanwhile, two glide mirror symmetries,
{m1go|7} and {mg1g|7}, connect Weyl points of opposite chirality.
Consequently, an AFM Weyl semimetal with eight Weyl nodes is
confirmed by DFT calculations, as shown in Figure 3A. Taking a
close look off the Q point, we have uncovered two pairs of Weyl
points with charge + 1 (Figure S3). Due to the tiny gap at Q, these
Weyl points form a square with a side length of 0.01 A=, whichis
only 1/131 of the in-plane reciprocal lattice parameter. There-
fore, such a closely packed configuration of Weyl points forms
aTCQ in momentum space. Because of the T{2gp1|7} symmetry,

the chirality distributions around Q and — Q points are the same,
as shown in Figure 3A. Therefore, in the (001) surface Brillouin
zone, the Weyl points are projected pairwise on four different
projected positions W; (i = 1,2, 3,4) with an effective topologi-
cal charge of +2. Such a distribution of Weyl points results in
two overlapping Fermi rings composed of four individual Fermi
arcs and further forms two closed Fermi rings due to band hy-
bridization (see the right image of Figure 3A). We calculate the
Fermi arc surface states on the (001) surface, where the two
closed Fermi ring surface states are presented in Figure 3B.
The smaller Fermi ring connecting the TCQ is further shown in
Figure 3C.

Spin-orbit U(1) quasi-symmetry

The key feature of the TCQ is the near-degenerate Weyl points,
which cannot be well explained by any exact symmetries. How-
ever, recent studies showed that the classical group representa-
tion theory could be extended to address the issue of near de-
generacy by using quasi-symmetry.*>*44° Different from the
general concept of approximate symmetry,® quasi-symmetry
refers to the hidden symmetry within a degenerate orbital
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subspace under an unperturbed Hamiltonian H°. This limits the
occurrence of the symmetry-lowering term, denoted as H’, to
only second-order effects. While the previous studies have pri-
marily focused on nonmagnetic systems, we next demonstrate
that the formation of the TCQ in AFM NdBiPt can be attributed
to a type of spin-orbit U(1) quasi-symmetry. This symmetry re-
sults in a partially lifted band degeneracy under the first-order
SOC effect and, thus, a tiny gap when involving the second-order
SOC effect at the Q point.

By analyzing the DFT-calculated orbital projection of the
bands along the I — Z direction (Figures S4-S6; Table S2), we
can effectively write the «, 84, and 6, bands as

By = (Il 1)+, 1) /V2
Bo = (I, 1)+, 1))/ V2

&= (o 1)+llo, 1) / V2
{ (Equation 1)

where Iy and /. can be expressed as linear combinations of the
atomic orbitals, designated as |lp) = d|s) +v|p,) and |I.) =

%(|ux) +iluy)), where |uy/y) = n|Pxsy) +8|dizy). Inthe absence
of SOC, the symmetry of the Hamiltonian HS = Hj +Hp + Hmag,
which includes the kinetic term Hy, the potential term H,, and
the magnetic term Hy,sg, can be described by GHg = Gs. The

doubly degenerate band « and the 4-fold degenerate band @

with irreducible representations Q}ﬁf(Z) and Q;f Qlf (4) of the

little group G, = "4 m™221 intersect at the Q point as shown
A

in Figure 4A. When including SOC, the § band splits into two
doubly degenerate bands 84 and 3,. The band crossing between
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Figure 3. The distribution and Fermi arcs of
TCQ

(A) The distribution of TCQ in the Brillouin zone of
NdBiPt. The orange and blue spheres represent
Weyl points with the monopole charges +1 and
—1, respectively. The right image shows a sche-

W1 W2 matic diagram of two closed Fermi rings formed
[+] by the hybridization of Fermi arcs. The green and
red lines represent the Fermi arcs located at Q and
e — Q, respectively.
W3 W4 (B) The isoenergy surface states enclosing topo-

logical charge quadrupole on the ky — ky plane at
5.8 meV below the Fermi energy.

(C) An enlarged view of the yellow square is
marked in (B).

«a and B4 is gapped (and so is that be-
tween « and 8,) because «, (84, and @»
bands share the same magnetic group
representation Qs(2) (Figure 4D). We
next use the quasi-symmetry theory to
elucidate the remarkable difference of
two SOC-induced gaps at the Q point,
AEa51 ,and AEa52.

Note that the difference between
AE 5, and AE,s, cannot be captured us-
ing any group extended by ng, which failed in separating
bands 81 and g, (see supplemental methods B). Interestingly,
we find that the AL,S, term does not contribute to the two
SOC gaps but splits the 8 band into bands 84 and 3, (see sup-
plemental methods C). Therefore, we consider the unper-
turbed Hamiltonian HS = HS +AL,S; and the perturbed Hamil-
tonian Hy = (L:S_ +L_S,). The introduction of AL,S; breaks

0.01

Q

the little group G, into Ggo = 1Z'rzm’"2°°1, thus providing an
A B

adequate starting point of three doubly degenerate bands
(Figure 4B). Then, we find that the spin-orbit U(1) symmetry
Py = {U;(0)||R-(6)},°"°% which represents the simultaneously
continuous rotation along the z direction in both spin and lat-
tice space, is not in Ggg but commutes with Hj. It transforms

the matrix element (a|l—/B|ﬁ1) into an additional phase factor,

ie., (a|I-/B|61)i’>e"”(Pq)(a|l-/B|61), thereby enforcing the first-or-
der SOC effect between « and 8; bands to be zero.** In
contrast, two elements of <a|H§|52> are transformed as
an identity representation (see supplemental methods D),
resulting in a relatively larger gap as shown in Figure 4C.
Consequently, the first-order SOC-induced gap at Q is
zero between « and B3 bands, leading to a small second-
order gap of 9.2 meV. In contrast, the band crossing of «
and B, bands is lifted by first-order SOC with 672.4 meV
(Figure 4D).

To validate the above quasi-symmetry analysis, we con-
structed a k-p model near the T' point (see supplemental
methods E). The distinction between two SOC gaps can be esti-
mated utilizing the first-order SOC Hamiltonian HQ,)C = AL-S (see
equation S27),



Newton ¢ CellPress

OPEN ACCESS

A os H, B Hs c Hg +H, D Full H
S :
L 07 . . .
g :
2 ]
2 .05 . . .
L
1.0 4
r Z I Z r Z r Z
E 0.01 Q,(10°A?) F 4 G 0.04
w || : .
g N 05 g 3' 2 DOOZ' - Dyx
= oA A 0 =2] 1 o o
4 > 0
- H-os Z11 T Q /10 -0.021
-0.01 ' - 01 -0.04 : . :
-0.01 0 0.01 r X s Y T Z .0.1-005 0.0 0.05 0.1
k, (1/A) k-path Energy (eV)

Figure 4. Quasi-symmetry and the nonlinear Hall effect in NdBiPt

(A-D) Evolution of bands «, 81, and 8, for NdBiPt when considering different Hamiltonians: (A) the SOC-free Hamiltonian Hf‘, (B) the Hamiltonian that includes
diagonal first-order SOC terms HS = HE‘ + AL,S;, (C) the Hamiltonian that includes off-diagonal first-order SOC term Hg +Hp, where Hy = % (LyS_ +L_S.),and
(D) the Hamiltonian H that considers the full SOC effects.

(E) Distribution of the Berry curvature within the kx — ky plane.

(F) BCD density dy, along the high-symmetry line. The inset denotes d,, along the I" — Z/10.

(G) Berry curvature dipole D4, as a function of energy. The black dashed line represents the energy position of the Q point, which is 5.8 meV below the Fermi energy.

AESI% ~ (a|HC). |8,) = A/Z(hﬂ; +hos +hyg +hyg) = 0and that Q is mainlly con.centrated around the TCQ. Due t.o the.pres-

ence of two glide mirrors {m1go|7} and {mo1o|7}, Qy is antisym-

(Equation 2)  metric along the ky direction and symmetric along the k direc-

tion. The gapped Q point (black triangles in Figure 4E) is

AES;Z ~ (a|H)|62) = A/z(hw +hog +hig+hoy) = \/21/2. located between the peaks of the positive anc! nggat.ive Berry

curvature around the TCQ. Furthermore, the distribution of Qy

in the vicinity of the Fermi surface is non-uniform due to the tilting

of the Weyl cones. Overall, such a distribution pattern of the

Berry curvature gives rise to alarge BCD (see Figures S7 and S8).

The BCD density dyy along the high-symmetry paths is shown

in Figure 4F, indicating that the origin of dy, comes entirely from

the contribution of the TCQ around the Q point. Since the BCD is

the integral of dyy, it is consistent with our calculation, which

shows that the BCD exhibits a peak at the position of the TCQ,

DISCUSSION as shown in Figure 4G. The large BCD value approaches 0.02

when the chemical potential is positioned at the TCQ (indicated

The TCQ gathers the sources and sinks of Berry curvature in a by the black dashed line in Figure 4G). This value is comparable

very small region in momentum space, leading to a remarkable  to the previous study on CuMnSb,** where the BCD peak is

BCD. Thus, an enhanced nonlinear Hall effect is expected located at about 100 meV above the Fermi level. In comparison,

if the TCQ emerges around the Fermi level, as shown in Fig- due to the clean Fermi surface composed of the TCQ, the BCD

ure 1B. In Tr-AFM NdBiPt, there is only one independent Peak of NdBiPt is located only 5.8 meV below the Fermi level,

element D,, = Dy of the BCD tensor D (see equation S2), where making it favorable for experimental detection. Moreover, we

; T expect that the TCQ can also be utilized to design a substantial

Dyy = fBde;fO(E"k) (E’%Qy) The distribution of the Berry cur- circular photogalvanic effect, which shares Closge similarities to
vature Q, on the ky — ky plane is shown in Figure 4E. We find  the BCD in terms of symmetry constraints.

(Equation 3)

Equations 2 and 3 show that the first-order SOC effect is pro-
hibited for AE4, but allowed for AE .5, consistent with the frame-
work of quasi-symmetry analysis. Therefore, we demonstrate
that the TCQ, two closely packed pairs of Weyl points within
the tiny gap at the Q point, is protected by spin-orbit U(1)
quasi-symmetry.
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In summary, based on the spin group analysis, we extend
the quasi-symmetry theory to elucidate the formation of the
TCQ quasiparticle, which is analogous to a charge quadrupole
but composed of two closely packed pairs of Weyl points in
momentum space. Our DFT calculations show that the non-
centrosymmetric half-Heusler compound NdBiPt, with a
collinear AFM configuration, is an ideal material candidate,
manifesting a clean Fermi surface with TCQ. The structure
of the TCQ is protected by mirror symmetry and, more impor-
tantly, the spin-orbit U(1) quasi-symmetry, which eliminates
the first-order SOC gap and leads to a significant nonlinear
Hall effect induced by BCD. Overall, our research provides
an avenue for designing unconventional quasiparticles
through quasi-symmetries as well as material candidates
with large nonlinear physical responses. Furthermore, the
exotic transport properties induced by the TCQ can also facil-
itate the detection of the Néel vector, providing additional
possibilities for AFM spintronics.

METHODS

The first-principles calculations utilized the projector
augmented wave (PAW) method®® within the Vienna Ab initio
Simulation Package (VASP).°* The exchange and correlation
effects were treated by the generalized gradient approximation
(GGA) with the Perdew-Burke-Ernzerhof (PBE) formalism.>® An
energy cutoff of 253 eV was employed for the calculations. The
whole Brillouin zone was sampled by an 11 x 11 x 8
Monkhorst-Pack grid®® for all cells. Due to the local magnetic
moments contributed by f electrons in Nd atoms, the GGA+U
approach®’ within the Dudarev scheme®® was applied. In our
calculations, the TCQ of NdBiPt was relatively insensitive to
the choice of Ung values (see Figure S9). For the convenience
of discussion, we elaborated on the details using Ung = 4 eV
as an example. A tight-binding Hamiltonian was obtained
based on maximally localized Wannier functions of Nd d and f
orbitals, Bi p orbitals, and Pt s and d orbitals. The maximally
localized Wannier function was constructed using the
WANNIER90 package,’®®° and the WannierTools package®’
was utilized to calculate the surface states and the position of
Weyl points. The WANNIERBERRI package®® was used to
calculate the BCD, where a 500 x 500 x 500 k-point mesh
was used to achieve the convergence. The computation of
the BCD is performed within the Fermi sea integral method,
which is given as Dy, = fBdeZfo(gnk)<a—EaQﬁk>, where Dy, is
the BCD, fo(enk) is the Fermi-Dira¢ distribution, and Qﬁk denotes
the Berry curvature. Further details regarding the methods can
be found in the supplemental methods.
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