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Analytical solution for the surface states of the antiferromagnetic topological insulator MnBi2Te4
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Recently, the intrinsic magnetic topological insulator MnBi2Te4 has attracted great attention. It has an
out-of-plane antiferromagnetic order, which is believed to open a sizable energy gap in the surface states. This
gap, however, was not always observable in the latest angle-resolved photoemission spectroscopy (ARPES)
experiments. To address this issue, we analytically derive an effective model for the two-dimensional (2D)
surface states by starting from a three-dimensional (3D) Hamiltonian for bulk MnBi2Te4 and taking into account
the spatial profile of the bulk magnetization. Our calculations suggest that the diminished surface gap may
be caused by a much smaller and more localized intralayer ferromagnetic order. In addition, we calculate the
spatial distribution and penetration depth of the surface states, which indicates that the surface states are mainly
embedded in the first two septuple layers from the terminating surface. From our analytical results, the influence
of the bulk parameters on the surface states can be found explicitly. Furthermore, we derive a k · p model for
MnBi2Te4 thin films and show the oscillation of the Chern number between odd and even septuple layers. Our
results will be helpful for the ongoing explorations of the MnBixTey family.

DOI: 10.1103/PhysRevB.102.241406

Introduction. A topological insulator has topologically pro-
tected conducting surface states and insulating interior [1–4].
When it is doped with magnetic impurities [5,6], time-reversal
symmetry breaking can open a band gap in its surface states.
The band gap is essential for the realization of the quan-
tized anomalous Hall effect [6,7], which hosts dissipationless
chiral edge states with potential applications in future de-
vices. However, as magnetic impurities inevitably introduce
inhomogeneity and disorder, the temperature at which the
quantized anomalous Hall effect can be observed is typically
low (< 2 K) [8,9]. The working temperature may be increased
by using the magnetic extension method [10,11] or intrinsic
magnetic topological insulators [12–15], where magnetism
is part of the crystal. Recently, an intrinsic antiferromag-
netic (AFM) topological insulator MnBi2Te4 was predicted
[16–18] and has been verified by experiments [16,19–25].
Quantum anomalous Hall effect [26], axion insulator to Chern
insulator transition [27], and high Chern number quantum
Hall effect without Landau levels [28] have been reported
in the MnBi2Te4 thin films. Nevertheless, the latest exper-
iments imply that the topological surface states in a bulk
crystal of MnBi2Te4 may be gapless [23–25], in contrast
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to the earlier calculations and observations [16–22,29–33]
(see Table I).

To understand why there is a wide range of the surface
gap in the measurements, we derive analytically the effec-
tive model for the surface states as the analytical model can
address the surface of a bulk crystal in terms of explicit ex-
pressions. Particularly, in the derivation we take into account
the spatial profile of the bulk magnetization (Fig. 1). We show
how the surface gap depends on the amplitude and acting
range of the intralayer ferromagnetic order. We also summa-
rize the estimated amplitude of the intralayer ferromagnetic
order m0 from the surface gap observed in the experiments
(see Table I). In addition, we calculate the spatial distribution
and penetration depth of the surface states, which indicates
that the surface states are mainly embedded in the first two
septuple layers from the terminating surface. Although we
use the envelope function within the k · p approach, the order
of magnitude of the penetration depth is consistent with the
results obtained by the ab initio calculations [35]. We also
derive a k · p model for MnBi2Te4 thin films. Our results
will be helpful for the ongoing explorations of the MnBixTey

family.
Effective model for surface states. The electronic structure

of semi-infinite crystals can be calculated explicitly by the
ab initio calculations that include Green’s functions. As an
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TABLE I. The gaps of the surface states of the AFM MnBi2Te4

based on density functional theory (DFT) and angle-resolved pho-
toemission spectroscopy (ARPES) and the estimated amplitude of
the intralayer ferromagnetic order m0 from the experiments, where
Eq. (5) has been used and n = 1 has been taken as an example.
The gapped bands observed in previous works near the Dirac point
turn out to be of bulk nature with a clear kz dispersion, according to
Ref. [23].

Reference Method Surface gap (meV) m0 (meV)

Otrokov et al. [16] DFT 88
Otrokov et al. [16] ARPES 70 218
Lee et al. [33] ARPES 85 265
Zeugner et al. [32] ARPES 100 311
Chen et al. [20] ARPES <25 <78
Hao et al. [23] ARPES <3 <9
Li et al. [22] ARPES <13.5 <42
Chen et al. [24] ARPES <2.5 <8
Swatek et al. [25] ARPES <2 <6
Shikin et al. [35] ARPES 15–67 47–209

alternative way to calculate the surface states, the k · p ap-
proach can give qualitatively (even quantitatively) consistent
results with the ab initio calculations [35]. A general approach
for heterostructures containing the magnetically modulated
doped topological insulator films can be found in Ref. [36],
which provides a consistent interpretation of the well-known
experimental findings [8]. Starting from the three-dimensional
(3D) Hamiltonian for the AFM1 (polarized along the z direc-
tion) state of MnBi2Te4 [17], we derive the effective model for
the surface states in a semi-infinite geometry. The technique
[4] that we are using has been shown effective in the predic-
tions of the quantum spin Hall effect in topological insulator
thin films [37–39] and 3D quantum Hall effect in topological
semimetals [40,41]. The 3D Hamiltonian of AFM MnBi2Te4

reads

H(k) = ε0(k) +

⎡
⎢⎣

M(k) A1kz 0 A2k−
A1kz −M(k) A2k− 0

0 A2k+ M(k) −A1kz

A2k+ 0 −A1kz −M(k)

⎤
⎥⎦

+HX , (1)

where k± = kx ± iky, ε0(k) = C0 + D1k2
z + D2(k2

x + k2
y ), and

M(k) = M0 − B1k2
z − B2(k2

x + k2
y ). C0, Di, M0, Bi, and Ai are

model parameters, where i = 1, 2. The basis of the Hamil-
tonian is {|P1+

z ,↑〉, |P2−
z ,↑〉, |P1+

z ,↓〉, |P2−
z ,↓〉}. Conven-

tionally, the exchange field is treated as a constant m0 in HX .
Unlike the previous works [37,38], we take into account the
spatial profile of the exchange field in the AFM MnBi2Te4

for a realistic study. For simplicity, we consider the profile of
the exchange field in terms of the sinusoidal function, and the
exchange field HX reads

HX = −m0 sinn
(π

d
z
)

σz ⊗ τ0, (2)

where m0 is the amplitude of the intralayer ferromagnetic
order, d is the thickness of a septuple layer, σz is the z Pauli
matrix for the spin degrees of freedom, τ0 is a 2 × 2 unit
matrix for the orbital degrees of freedom, and the magne-

z

mz |Ψ|2

n = 1

n = 5

−z/d −z/d

FIG. 1. (Left) Septuple layers of MnBi2Te4 [34]. The purple
arrows denote the direction of the ferromagnetic order in the Mn
atomic layer. (Middle) The assumed profile of the bulk magnetization
mz ∼ sinn(πz/d ). n is an odd integer that controls the acting range of
the intralayer ferromagnetic order and is the only tuning parameter
in the calculation. d is the thickness of a septuple layer. (Right) The
distribution of the envelope function � of the surface states.

tization energy along the z direction mz = −m0sinn(πz/d )
is illustrated in Fig. 1 for different n. The odd integer n is
used to model the localization of the intralayer ferromagnetic
order. A larger n indicates that the intralayer ferromagnetic
order is more localized. Here, we focus on the out-of-
plane magnetic moments according to the neutron diffraction
results [42].

We now consider a surface located at z = 0 and derive the
effective model for the surface states, as shown in Fig. 1. First,
we find the solutions for the surface states at kx = ky = 0
(the � point), where the Hamiltonian becomes two 2 × 2
blocks, denoted as h(A1) and h(−A1), respectively. The trial
solution for the eigen equation h(A1)� = E� can be written
as � = (a, b)T eλz, where a, b, and λ are the coefficients and
E is the eigenenergy. There are two solutions for λ, denoted
as λ1 and λ2, and the general solution is a linear combination
of them, �(z) = ∑2

i=1(ai, bi )T eλiz. For simplicity, we assume
open boundary conditions on the surfaces. We note, however,
the main features of surface states, such as their attenuation
in the bulk, are generic and remain the same if we impose
different boundary conditions. Thus, the envelope function
� vanishes at z = 0 and z = −∞, which are applied to the
general solution to obtain the eigenenergy at the � point
E0 = C0 + M0D1/B1 and the envelope function

�↑(z) ∼
[

iA1

−D−λ+

]
(eλ1z − eλ2z ) (3)

up to a normalization factor with D− = D1 − B1 and λ+ =
λ1 + λ2. Replacing A1 with −A1 can give the eigenenergy and
the envelope function �↓(z) of the other block h(−A1), which
is degenerate with h(A1) when there is no magnetization.

Next, we project the Hamiltonian at {kx, ky} �= 0 into the
basis expanded by 	1 = [�↑(z), 0]T and 	2 = [0, �↓(z)]T ,
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and obtain the two-dimensional (2D) effective Hamiltonian
for surface states localized at the surface,

Hsurface = E0 − Dk2 +
[

m iγ k−
−iγ k+ −m

]
, (4)

where D = B̃2 − D2, B̃2 = B2〈�↑(z)|σz|�↑(z)〉, and γ =
−iA2〈�↑(z)|σx|�↓(z)〉. Note that this effective model is valid
only in the vicinity of the � point. m is the effective magnetic
moment. It can be found explicitly as [43]

m = m′
0n!πnd

{
2∏ n+1

2
j=1{ d2λ2+ + [(2 j − 1)π ]2}

−
2∑

i=1

1∏ n+1
2

j=1 {4d2λ2
i + [(2 j − 1)π ]2}

}
(5)

for an arbitrary odd integer n, where the parameter m′
0 =

−m0(A2
1 + D2

−|λ+|2)|C|2 and C is the normalization factor.
Gap and penetration depth of surface states. The two

energy bands of the effective model, Eq. (4), are given
by E±

surface = E0 − Dk2 ±
√

m2 + γ 2k2, which shows that the
surface states open a gap of magnitude 2|m| at the � point.
Using Eq. (5), we calculate the effective magnetic moment
m for increasing odd integers n ∈ {1, 3, 5, ...} and display m
as functions of different model parameters in Figs. 2(a)–2(d).
Figure 2(a) shows that the effective magnetic moment m is
reduced when the intralayer ferromagnetic order m0 becomes
smaller or more localized (for larger n). In this sense, our
calculations suggest that the diminished surface gap may
be caused by a much smaller and more localized intralayer
ferromagnetic order. It is worth mentioning that Shikin and
collaborators proposed that the structural changes of the sur-
face may cause the surface states moving inward, which will
also result in a reduced effective magnetic moment [35,44].

Besides, we calculate the spatial distribution |�(z)|2 and
hence the penetration depth of surface states ξ = |〈�|z|�〉|,
using the parameters obtained by ab initio calculations [17].
As illustrated in Fig. 2(e)–2(h), the surface states are well
localized at the surface, which have already been probed by
experiments [45,46]. Importantly, we find that the penetration
depth ξ is about 16.2 Å, which is larger than the thickness of
a septuple layer (about 13.7 Å). This indicates that the surface
states have already extended to the second septuple layer. Note
that the penetration depth we estimated by using the envelope
function is consistent with the results obtained by ab initio
calculations [35,47].

Influences of the bulk on the surface gap. The parameters
of the bulk Hamiltonian in Eq. (1), which are extracted from
the ab initio calculations [17], can change with external con-
ditions, such as mechanical exfoliation, defects, or doping.
Therefore, we study the influence of the variation of the bulk
parameters on the effective magnetic moment m and surface
gap 2|m|. As A1 increases, m first increases and then decreases
for different n, as shown in Fig. 2(b). The decrease of m is
due to the cancellation of the opposite magnetization between
odd and even septuple layers, as the surface envelope func-
tion becomes more extended with increasing A1, as shown in
Fig. 2(f). By contrast, with increasing B1, m increases first
slowly and then abruptly for n = 5 and there are transitions

0 100 200
0

20

40

42

20

30

40

-20 -15 -10
0

20

40

60

42

20

30

40

n = 1

5

3

-40 -20 0
0

0.02

0.04

0.06

0.08

-40 -20 0
0

0.02

0.04

0.06

-40 -20 0
0

0.02

0.04

0.06

-40 -20 0
0

0.02

0.04

0.06

FIG. 2. (a) The relation between the effective magnetic mo-
ment m and the amplitude of the intralayer ferromagnetic order
m0 for different mz profiles in Fig. 1. [(b)–(d)] The influence
of the variation of the parameters A1, B1, and D1 on the ef-
fective magnetic moment m, respectively. The blue solid, cyan
dotted, and red dashed lines represent n = 1, 3, and 5, respec-
tively. [(e)–(h)] The influence of the variation of the parameters
M0, A1, B1, and D1 on the distribution of the surface states, re-
spectively. The parameters are adopted from ab initio calculations
[17], C0 = −0.0048 eV, D1 = 2.7232 eV Å2, D2 = 17.0000 eV Å2,
A1 = 2.7023 eV Å, A2 = 3.1964 eV Å, M0 = −0.1165 eV, B1 =
−11.9048 eV Å2, B2 = −9.4048 eV Å2, and m0 = 0.26 eV.

from negative to positive m for n = 1 and 3, as illustrated in
Fig. 2(c). With increasing D1, m increases slowly for n = 1
and 3. Nevertheless, for n = 5, m first increases and then
decreases, as illustrated in Fig. 2(d). The change of m can also
be understood from the distribution of the envelope function.
As B1 increases, the surface states move toward the surface
plane, as depicted in Fig. 2(g). By contrast, as M0 or A1 in-
creases, the surface states move away from the surface plane,
as depicted in Figs. 2(e) and 2(f). In addition, as D1 increases,
the distribution of the surface states only changes slightly, as
shown in Fig. 2(h).

Effective model for MnBi2Te4 thin films. Above, we have
discussed the gap at a single open surface in a semi-infinite
geometry. Now, we turn to discuss the surface gap in a thin
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film with both top and bottom open surfaces. First, we derive
the k · p model for MnBi2Te4 thin films. Following the same

procedure as described above, we obtain the effective Hamil-
tonian for MnBi2Te4 thin films, which reads [43]

Hfilm = E0 − Dk2 +

⎡
⎢⎣

h(k) + m1 iγ k− m2 0
−iγ k+ −h(k) − m3 0 −m2

m2 0 −h(k) + m3 iγ k−
0 −m2 −iγ k+ h(k) − m1

⎤
⎥⎦, (6)

where E0 = (E+ + E−)/2, E+, and E− are the eigenener-
gies at the � point, h(k) = �/2 − bk2 with k2 = k2

x + k2
y ,

� = E+ − E− is the finite-size gap, and mi is the effec-
tive magnetic moment with i = 1, 2, 3. The eigen energies
of the surface states for even septuple layers are found as
Eeven = E0 − Dk2 ±

√
(�/2 − bk2)2 + γ 2k2 + m2

2 , which is
twofold degenerate due to P2 symmetry [18], as shown in
Fig. 3(a). At the � point, the surface gap for even septuple
layers is 2

√
(�/2)2 + m2

2 . It decreases as the thickness grows
because both the finite-size gap � [Fig. 3(e)] and the effec-
tive magnetic moment m2 [Fig. 3(d)] decrease with growing
thickness. The surface gap and the effective magnetic moment
m2 finally saturate for larger NL, as shown in Figs. 3(c) and
3(d). The eigenenergies of the surface states for odd septu-
ple layers are found as Eodd = E0 − Dk2 + s(m1 − m3)/2 ±√

[�/2 − bk2 + s(m1 + m3)/2]2 + γ 2k2 with s = ±1, which
has no degeneracy due to the breaking of  and P2 sym-
metry [18], as shown in Fig. 3(b). At the � point, the surface
gap for odd septuple layers is 2

√
[�/2 + (m1 + m3)/2]2. For

n = 1 and n = 5, the surface gap increases with growing NL,
and finally saturates for larger NL. For the effective magnetic
moment m3, it first decreases, then increases, and finally sat-
urates for larger NL, as shown in Figs. 3(c)–3(d). Besides,
the energy difference at the � point between the upper two
bands �E1−2 is different from that of the lower two bands �E3−4

for odd septuple layers when NL < 11, due to the difference
between m1 and m3, as shown in Figs. 3(d) and 3(f). The Chern
number is zero for all the even septuple layers and NL = 1
odd septuple layer, and is −1 for odd septuple layers with
NL � 3, as shown in Fig. 3(g). The oscillation of the Chern
number in Fig. 3(g) is consistent with the nature of intrinsic
antiferromagnetic topological insulators [17,18,29]. Note that
m0 = 0.26 eV has been taken in the calculation to be con-
sistent with the results obtained by the ab initio calculations
[17,18,29].

Discussion. There are several experimental evidences that
may support the idea that the intralayer ferromagnetic order
becomes much smaller and more localized in real materi-
als. The diminishment of the intralayer ferromagnetic order
has been justified in recent experiments as the Mn atomic
magnetic moment is about 1.14 μB in MnBi2Te4 thin films
[19] and around 3.8 μB in bulk MnBi2Te4 [23], which is
much smaller than the theoretically expected values of 4.6 μB

[16,29] or 5 μB [18,19]. Moreover, the resonance photoe-
mission spectroscopy measurements have revealed that the
density of Mn 3d states is negligible in the energy range
within 0.6 eV below the Fermi energy [21,22], which is sim-
ilar to that in Mn-doped Sb2Te3 [48]. This implies a local
nature of the Mn 3d states in MnBi2Te4 [21,22].
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