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ABSTRACT
The topological magnetoelectric effect (TME) is a hallmark response of the topological field theory, which
provides a paradigm shift in the study of emergent topological phenomena. However, its direct observation
is yet to be realized due to the demanding magnetic configuration required to gap all surface states. Here, we
theoretically propose that axion insulators with a simple ferromagnetic configuration, such as the
MnBi2Te4/(Bi2Te3)n family, provide an ideal playground to realize the TME. In the designed triangular
prism geometry, all the surface states are magnetically gapped. Under a vertical electric field, the surface
Hall currents give rise to a nearly half-quantized orbital moment, accompanied by a gapless chiral hinge
mode circulating in parallel. Thus, the orbital magnetization from the two topological origins can be easily
distinguished by reversing the electric field. Our work paves the way for direct observation of the TME in
realistic axion-insulator materials.
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INTRODUCTION
The topological magnetoelectric effect (TME),
e.g. the topological response of magnetization
to an electric field in the same direction, is a
hallmark phenomenon of the topological field
theory [1,2]. Topological materials that pos-
sess a three-dimensional (3D) bulk axion field
θ = π (mod 2π) accompanied by surface energy
gaps are designated as axion insulators (AXIs)
[1,3–7], which are expected to exhibit the TME.
However, observing the TME is highly challenging
owing to the requirement of introducing magnetic
gaps on all the surfaces of a system with bulk
θ = π [8–10]. The recent advent of intrinsic
magnetic topological insulators (TIs), especially the
MnBi2Te4/(Bi2Te3)n family [11–25], has provided
an ideal platform for the AXI phase. To date, the
verification of the axion state has mostly focused
on the measurement of the combined effect of two
surfaces, say, the top and the bottom, such as the
quantized Faraday/Kerr rotations [26–28] and

the zero Hall plateau (ZHP) [9,29–32]. While the
ZHP is conventionally regarded as a hallmark of
AXIs, it is not exclusive to these, and ZHP signals
may also appear in topological thin films gapped
by quantum confinement and other non-axion
cases [25,33–37]. Recent progress has focused on
signals related to the surface anomalous Hall effect
at a single gapped surface [37–43], which directly
reveals the bulk-boundary correspondence of AXIs.
Nevertheless, the TME, as the central assertion of
the topological field theory, is yet to be observed.

The difficulty in realizing the TMEmainly lies in
the requirements of geometric and magnetic con-
figurations, which are quite challenging for realistic
materials. Historically, it was proposed that the
TME could be realized in a spherical and strong TI
with a hedgehog-likemagnetization on its surface, or
a cylindrical TI with a surface radial magnetization,
as shown in Fig. 1(a) and (b), respectively [1,4,7].
Unfortunately, neither of these over-idealized
configurations are accessible for experiments. It is
conventionally believed that the TME can only be
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Figure 1. (a) Sketch of a 3D spherical TI with hedgehog-like
surface magnetization (black arrows). By applying an elec-
tric field E, the surface Hall effect gives rise to a circulating
current (red lines) and thus generates a bulk magnetization
MT M E ‖ E, with α = e2

2hc as the fine structure constant. (b)
The cylindrical TI with radial magnetic orbital moment; the
same bulk magnetization can be induced by E. (c) The spher-
ical 3D TI with FM magnetization, where two hemispheres
form two domains with a gapless chiral mode (yellow line).
E cannot generate a net magnetization as the contributions
from two domains compensate each other. (d) The triangular
prism AXI, such as FM MnBi2Te4, where the side surfaces
are gapped due to the hexagonal warping effect. A net E-
induced bulk magnetization is predicted.

realized in a configuration without a net magnetic
moment, e.g. antiferromagnetic (AFM) systems
[4–6]. The reason is that a ferromagnetic (FM)
AXI is typically a higher-order topological insulator
(HOTI) simultaneously, accompanied by 1D hinge
modes or magnetization-induced quantum Hall
effects [see Fig. 1(c)] [1,44–47].However, for AFM
AXIs such asMnBi2Te4, the side surface state is gap-
less, protected by the combined symmetry of time
reversal T and fractional translation τ1/2 [14,15],
which also obscures the observation of the TME.

Here, we theoretically demonstrate that by de-
signing particular configurations, an FM AXI, such
as MnBi2Te4/(Bi2Te3)n, can serve as an ideal plat-
form for realizing a topological magnetoelectric re-
sponse. The simple magnetic configuration, which
could be achieveddirectly inMnBi8Te13 with anFM
ground state [21,40] and in MnBi2Te4, MnBi4Te7
and MnBi6Te10 (AFM ground state) [13,16,20,22]
under amoderate verticalmagnetic field, ensures the
accessibility of our proposal. Remarkably, the side
surface states of such FM AXIs manifest magnetic
gaps owing to the hexagonal warping effect [19,48].
In the designed geometry of the triangular prism
[see Fig. 1(d)], a chiral hinge mode from the HOTI

phase is pinned to circulate around the top surface
rather than the entire bulk. When an electric field is
applied along the prism, the side surfaceHall current
also circulates parallel to the top surface, thus avoid-
ing interference with the hinge mode. We calculate
the bulk magnetization as a response to the external
electric field and obtain the nearly half-quantized re-
sponse coefficient. In a realistic finite-layer system,
the TME-induced magnetization can be directly ex-
tracted by reversing the electric field, as the signals
from theTMEand hingemode are odd and even un-
der field reversal, respectively.Moreover, we charac-
terize the thickness-driven crossover of the FM AXI
from 3D HOTI to 2D Chern insulator by visualiz-
ing the distribution of the chiral mode. Our find-
ings provide an accessible material-based proposal
for achieving the long-sought TME to validate the
topological field theory.

RESULTS AND DISCUSSION
Configuration for realizing topological
magnetoelectric effect
According to the topological field theory, the gra-
dient of the static axion field ∇θ at the surfaces
of TIs leads to the TME through the surface half-
quantized Hall current [1,3]. Imagining a 3D time-
reversal invariant TI with surface states gapped ho-
mogeneously by spatially oriented surface magnetic
moments [see Fig. 1(a) and (b)], the surface Hall
current density induced by the external electric field
E is

jH = α

π
E × ∇θ, (1)

with α = e 2/2hc as the fine structure constant.
Such a circulating current contributes to the TME,
i.e. an emergent magnetization parallel to E with a
quantized coefficient MTME = αE. Re-examining
the necessity of such impractical spatially oriented
magnetization, we find that under FMmoments, the
shell of the spherical TI is divided into two domains
with opposite magnetic surface gaps forming a gap-
less chiral mode at the domain wall. In most cases,
dissipation occurs when the circulating currents
encounter the gapless chiral mode, violating the
adiabatic condition of the TME, i.e. the side surface
states should be gapped to ensure the circulation
of the Hall currents [1,9]. However, if the chiral
mode is pinned to circulate around a 2D plane,
interference between the TME and the chiral mode
would be avoided if the electric field is applied
perpendicular to the plane. Although in Fig. 1(c)
the surface Hall currents from the two hemispheres
compensate each other, leading to a zero net
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magnetoelectric response, FM systems could po-
tentially reveal the TME by designing inequivalent
domains.

Exemplified by MnBi2Te4/(Bi2Te3)n, we pro-
pose a material-based structure to realize the TME
in an FM AXI with triangular prism geometry, as
shown in Fig. 1(d). Previous studies have shown
that the MnBi2Te4 family of out-of-plane FM
ordering are both AXIs protected by inversion
symmetry and HOTIs [19,21,41]. In a hexagonal
prism sample, the six side surfaces are gapped by
staggered mass terms with respect to the 3-fold
rotation and inversion symmetries [19,46]. The
gapless chiral modes at the domain walls of the
side surfaces thus obscure the measurements of the
TME. However, once the AXI adopts a triangular
prism configuration, all three side surfaces have
the same sign of magnetic surface gaps, which is
coincident with that of, say, the bottom surface.
Therefore, the gapless chiral mode is localized only
at the top surface, rather than circulating around
the entire bulk. Once the vertical electric field is
applied, the responding Hall current travels parallel
to the hinge mode without any interference, leading
to a measurable magnetization (anti)parallel to the
electric field. Recently, the HOTI bismuth with
similar helical hinge modes [49] was successfully
synthetized in a triangular geometry [50]. This im-
plies that our proposal for realizing the TME in the
FMMnBi2Te4 family is experimentally accessible.

Model for ferromagnetic axion insulator
MnBi2Te4
To calculate the TME of an FM AXI, we start from
the effective model Hamiltonian of FM MnBi2Te4
written in a triangular lattice [19,42]

H = d0 I4 +
∑

i=1,···,5
di�i + �m · s ⊗ σ0,

(2)
where d0 = C̃ − 2C1 cos kz − (4C2/3)(cos k1 +
cos k2 + cos k3), d1 = (v/3)(2 sin k1 + sin k2 +
sin k3), d2 = (v/

√
3)(sin k2 − sin k3),

d3 = vz sin kz , d4 = 8w(−sin k1 + sin k2 + sin k3)
and d5 = M̃ − 2M1 cos kz − (4/3)M2(cos k1 +
cos k2 + cos k3) with R̃ = R0 + 2R1 + 4R2
(R = C , M), k1 = kx , k2 = (kx + √

3ky )/2
and k3 = k1 − k2. Here I4 is the identity matrix,
�i = s i ⊗ σ1 for i = 1, 2, 3, �4 = s0 ⊗ σ2
and�5 = s0 ⊗ σ3, where s i and σi are the Pauli
matrices for spin and orbital, respectively. v (vz)
represents the velocity along the in-plane (out-
of-plane) direction, w is the hexagonal warping
parameter [48,51], � describes the exchange

coupling between the electron states and mag-
netic moments and m = (0, 0, 1) stands for the
out-of-plane FM order. The model parameters are
presented in Supplementary Data Section 1.

The model Hamiltonian of FM MnBi2Te4
respects 3-fold rotation around the z-axis C3z =
e iπ s3/3 ⊗ σ0 and inversion P = s0 ⊗ σ3 = �5.
Consequently, the bulk topology of this inversion-
preserved system can be described by the symmetry
indicator of P , i.e. Z4 × Z2 × Z2 × Z2 [52–55].
We thus verify that the FMMnBi2Te4 is an FMAXI
with a symmetry indicator (2;000) (Supplementary
Data Section 1). Such an AXI phase can also be
confirmed by calculating the real-space resolved
Chern marker [56–58]. In Fig. 2(a) we show that in
the 16-slab model, the top and bottom four layers
contribute a nearly half-quantized Chern num-
ber Ct(b) = ±1/2, indicating the bulk topology
θ = π . In addition, owing to the hexagonal warp-
ing term d4, the side surface states open a magnetic
gap (Supplementary Data Section 1). Previous first-
principles calculations show that in FM MnBi2Te4
such a high-order magnetic gap is ∼6 meV [41],
which is typically larger than the finite-size gap of
the few-layer slabs. Since the top and bottom surface
states are gapped by the exchange coupling, all the
surfaces of the configuration are gapped. Due to
the C3z symmetry, the gap signs of the side surfaces
are the same and coincide with either that of the
top surface or the bottom surface (Supplementary
Data Section 1). In this work, (100), (01̄0), (1̄10)
surfaces are chosen as the side surfaces, of which the
bottom surface shares the same gap sign.

Topological magnetoelectric response
To evaluate the TME, we next calculate the orbital
magnetization induced by the vertical electric field
through linear response theory. By constructing an
equilateral triangle lattice in the xy -plane with a side
length of L while maintaining the translation sym-
metry along z, we obtain the field-induced orbital
magnetization MTME ,i = αi j E j , in which the only
relevant coefficient component αzz is calculated via
the Kubo formula [59]

αzz = −i
V

lim
	→0

∫ +∞

−∞
dt ′e i	(t−t ′)θ(t − t ′)

×〈[M̂z (t) , Ĵ z(t ′)]〉, (3)

where V is the system volume, θ(x) is the
step function and 	 is the frequency of the
electric field. 〈O〉 = Tr[e−βH O]/Tre−βH de-
notes the ensemble average, with β the inverse
temperature. The orbital magnetic moment
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Figure 2. (a) Layer-resolved Chern number of a 16-layer triangular prism FMMnBi2Te4.
Blue points represent the local Chern number C(i ) for each layer, and the orange line
shows the integrated Chern number C (l ) = ∑l

i=1 C(i ) over the layers. (b) Magneto-
electric coefficient as a function of the exchange coupling � in triangular prism FM
MnBi2Te4, with different side length L and translation symmetry along the z-direction.
Inset: band structures of the L = 14 configuration with different �.

is defined as M̂ = −(e/2c )r̂ × v̂ [60], with r̂
and v̂ the position and velocity operators, re-
spectively; the current density is Ĵ = e v̂. In the
zero-temperature limit with the Fermi level μF
lying inside the band gap, Equation (3) can be
simplified as follows [61]

αzz = 2�
V

∑
kz

∑
i∈oc c .
j∈unoc c .

× Im
[〈kz,i |M̂z|kz,j 〉〈kz,j | Ĵ z|kz,i 〉

]
(
εi,kz − ε j,kz

)2 ,

(4)

where |kz,i 〉 is the i-th eigenstate with momentum
kz with respect to the eigenvalue εi,kz . During the
summation, i and j are constrained within the oc-
cupied and unoccupied bands, respectively.

The numerical results of the magnetoelectric re-
sponse coefficientαzz for different side lengths L are
shown in Fig. 2(b). If the system size is large enough
(L ≥ 12), αzz approaches a nearly quantized value
0.9α with an exchange coupling� = 62meV.This
is the central result of our work. To verify our theo-
retical approach and the topological origin ofαzz , we
tune the parameter M0 in d5 to drive the MnBi2Te4
bulk to the θ = 0 side, andfind that the correspond-
ing αzz vanishes accordingly (Supplementary Data
Section 2). According to the θ = π nature in a bulk
AXI, we can expect a quantized αzz = α in a large-
size AXI sample with all the surface gapped, while
the symmetry of the bulk axion field (e.g. inversion)
is preserved. This can be verified by calculating the
TMEof an ideal 3DAXIprotected by bothP andT ,
with a cubic lattice and radial side surfacemagnetiza-
tion (Supplementary Data Section 2). Even T sym-
metry is broken by the surfacemagnetization.The fi-
nite tetragonal structure preservesP symmetry and
we find that αzz approaches to α for increasing L.

Therefore, in our FM AXI configuration, the devia-
tion between the saturation value 0.9α and the per-
fect quantization (α) is attributed to the inversion
breaking of the triangular prism.

The profile of αzz experiences a steep increase
followed by oscillation and eventually saturation as
the magnetization� increases from zero. To under-
stand this, we plot the band spectra along kz for dif-
ferent � values, as shown in the inset of Fig. 2(b).
Without magnetization (� = 0), the band gap, i.e.
the side surface gap of the triangular prism, origi-
nates from the finite-size effect of the in-plane tri-
angular geometry characterized by L, whereas for
� = 70 meV the gap is dominated by magneti-
zation after a non-trivial phase transition. Here the
non-trivial topology of this finite-size system is char-
acterized by the topological magnetoelectric coef-
ficient, i.e. non-zero Hall current induced by the
external electric field. Although there is no gap clos-
ing as� increases, the phase transition can bemoni-
tored by the change in the local Chernmarker of the
side surface (Supplementary Data Section 3), thus
giving rise to the evolution of αzz . As L increases,
αzz grows more rapidly when turning on �. This is
because the finite-size-induced hybridization gap re-
duces and thus becomes more easily overwhelmed
by the magnetic gap.

In realistic samples, the translation symmetry
along the z direction is broken and the prism is ter-
minated by the top and bottom surfaces, which have
a larger magnetic gap than those of the side sur-
faces. Consequently, the top surface carries a gap-
less chiral hinge mode [see Fig. 1(d)], while there
is no hinge mode propagating along the z direc-
tion. We consider several prism models with dif-
ferent heights of H layers and directly diagonal-
ize them, and find that the energy of the hinge
state converges as H > 10. The distribution of the
corresponding wavefunction decays exponentially
from the hinge (Supplementary Data Section 4).
Figure 3(a–c) shows the prism geometry, energy
level and distribution of the hinge state of the
FM AXI with L = 10 and H = 16. Such a hinge
state does contribute an extra orbital magnetization
MIC � −eμF /�c , which is also known as itinerant
circulation magnetization [60,62].

Next, we discuss how to distinguish the TME-
induced orbital moment from the total magneti-
zation. Since there is no interference between the
surface Hall current and the chiral hinge mode, the
total bulk magnetization Mtot is a superposition of
the local moment Mion = ni 〈SMn〉 from Mn ions
(ni and 〈SMn〉 are the density and average spin ofMn
ions, respectively), itinerant circulation magnetiza-
tion MIC � −eμF /�c from the chiral hinge state,
and the TME-induced magnetization MTME =
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Figure 4. (a) Lattice of a 14-layer triangle prism FM MnBi2Te4 as a 3D HOTI. (b) The
distributions of the gapless hinge modes projected on the bottom and top layers of (a),
respectively, indicating a well-localized hinge state. (c) Lattice of a bilayer structure
of the same material, manifesting a 2D Chern insulator phase. (d) Projection of the
gapless edge state on the bottom and top layers.

αzz E z from the surface Hall current. Both Mion and
MIC are independent on the vertical electric field
(up to the first order, before it leads to a topological
phase transition), whereasMTME is an odd function
of E. Therefore, the net TME signal can be easily ex-
tracted via twomeasurements with opposite electric
fieldsMTME = [Mtot(E) − Mtot(−E)]/2, as illus-
trated in Fig. 3(d).

Magnetic gap versus hybridization gap
For a thin slab (small H), the hinge mode en-
counters the bottom surface before it completely
evanesces, leading to a crossover between 3DHOTI
and 2D Chern insulator, as shown in Fig. 4. Both

the HOTI and Chern insulator phases manifest
half-quantized anomalous Hall conductivities at the
top and bottom surfaces [4,41]. The crossover be-
tween such 3D and 2D topological matter is de-
termined by the gap nature of the side surface, i.e.
the competition between magnetization and finite-
size hybridization. With a large enough H , the mag-
netic gap of the side surface ensures a chiral hinge
mode ( 12 + 1

2 ) at the top surface but nothing (
1
2 −

1
2 ) at the bottom surface [see Fig. 4(a) and (b)]. In
comparison, as H reduces, for all side surfaces, the
gap gradually becomes a hybridization gap, leading
to the localization of the half-quantized anomalous
Hall conductivity at the top and bottom surfaces, as
shown in Fig. 4(c) and (d).

For comparison,we also calculate theTMEof the
AFM AXI exemplified by A-type AFM MnBi2Te4
with the Néel vector oriented along the z-direction,
manifesting a gaplessDirac-like side surface state be-
cause of the protection of T τ1/2 [14,15]. For a finite
sample, the side surface gap is always a hybridization
gap. Our calculations show that the TME coefficient
is always zero as a function of the exchange coupling
(Supplementary Data Section 5). The comparison
between the vanishing TME in the AFM AXI and
the non-zeroTME in the FMAXI reveals the impor-
tance of the surface magnetic gap in generating the
topological response. We note that the realization
of the TME has been proposed in AFM magnetic
heterostructures and MnBi2Te4 models under an
in-plane electric field, which generates surface Hall
currents circulating through the magnetic-gapped
top and bottom surfaces and hybridization-gapped
side surfaces [9,10,63]. However, it might be chal-
lenging to simultaneously maintain an appropriate
surface gap size (requires a thin slab) and avoid in-
terference between surface anomalous Hall currents
from the top and bottom surfaces (requires a thick
slab).
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CONCLUSION
To summarize, we demonstrate that the inversion-
preserved FM AXIs MnBi2Te4/(Bi2Te3)n serve as
a realizable platform for achieving the topological
magnetoelectric response. Designed in a triangular
prism geometry, the side surfaces are gapped by a
uniformFMexchangefield insteadof the elaborately
orientedmagnetic moments in previous studies. Us-
ing linear response theory, we obtain nearly half-
quantized orbital magnetization induced by a ver-
tical electric field. In a realistic finite-layer sample,
the TME signal can be directly extracted from the
itinerant circulationmagnetization and local ionmo-
ments by reflecting the electric field. In parallel, an
electric polarization induced by a time-dependent
vertical magnetic field could also be expected in our
configuration. Given the enormous number of ob-
servations verifying the successful topological band
theory, our findings provide an accessible proposal
for achieving the long-sought TME in realisticmate-
rials, which sheds light on more response properties
predicted by the topological field theory.

SUPPLEMENTARY DATA
Supplementary data are available atNSR online.
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